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Definition of Tensor

* In mathematics, tensor is a high dimensional array T € R™M ™ %"
« Example of 1d, 2d, 3d tensor

1 1 010 /1 0 1 1)
0 01 1 0 /0110)
1 1101 1101)
1 1 010 (0110)
0 010 1 1 0 0 1
(a) (b) (c)

« Storage consumption of a tensor 0 (n%)



Tensor Calculus

« Addition (T+U)y oy =Tay oz + Usy oz
« Scalar multiply A T)ywy = Ty g
 Index contraction T € R™MXXMaXPrxe-Xpf

U c Rnlx...XnQXplx...pr.

P1 Dy
V-Tl,---,xd,ylg---,ye - z : T z : Tl’]_,...,l'd,Zl,...,Zf ’ Uyl,--.,ye,Z]_,..-,zf'
z1=1 Zf:].

Tensor multiplication

Definition 2.2.3. For tensors G € RM*N gnd H € RNXP with index sets
M = (my,...,mq)T, N = (n1,...,nq)7, and P = (p1,...,pa)’, the product
G- H ¢ RM*P s defined as

ni nd
(G ) H)Ilaylr"vmdayd - Z e : : GIl,Zl,...,SE‘d,Zd ’ Hzlayla"'azdayd’ (223)

z1=1 zq=1



Tensor Calculus

« Tensor product (TRU)y o vuwnwe = Tarza Uy

 Property of tensor product

Theorem 2.2.6. Let G € RM*N gnd H € RY*P with G = Gy ® Gy and
H =H; ® Hs, where

G’l c R(ml xnl)x...x(mexne) G_2 c R(me+1 Xne+1)><...><(md><nd)

7 7

Hl c R(nl Xpl)x...x('neXpe)’ HQ c R(ne+1 Xpe_|_1)><...><(nd><pd)-
Then, the product of G and H s given by

G H=(G1®Ge2)-(H ®H2) =(G1-H;) ® (G2 -Ha).



Graphical representation of tensor

ni
« Example M o M g "2 n}ﬁL\ n2
n3 ns

nq
n4
(a) (b) (c) (d)
» Representing index contraction and tensor multiplication

n ni g ny
ni 3 n n
ni ni n2 3 6
) Ny

(a) (b) (c (d)

Figure 2.3: Graphical representation of tensor contractions: (a) Inner product of two
vectors. (b) Matriz-vector product. (c) Two-dimensional contraction of two tensors.
(d) Contraction of three tensors.



Matricization and Vectorization

» Define a bijection

* Matricization
« \/ectorization

d
qu:{l,...,nl}><---><{1,...,nd}ﬁ‘~{1,...,an},

k=1
oOn(x1, .o xg) =14+ (e — 1)+ ...+ (xg—1) - ny-...-ng_1

d k—1
= 1+Z(Ik_1)Hnl'
k=1 =1

Definition 2.4.2. Let N = (ny,...,nq)T be an index set and T € RY a tensor.
For two ordered subsets N' = (ng,,...,ng, )’ and N" = (ny,,. .. ,ngf)T of N which
satisfy (2.4.3), the matricization of T with respect respect to N' and N" is given by

NH
T N’ - T.’El,...,.'zd- (244)
LloyyeesThke Lly 1"'7mif

Definition 2.4.3. Let N = (ni1,...,nq)" be an index set and T € RN a tensor.
For a reordering N' = (ng,, . . . ,nkd)T, the vectorization of T 1s given by

(T |N’> — T.’El,...,md'
Tlpy-Tk

d



Orthonormality

. Definition 2.6.1. Let T € RY, N = (ny,...,nq)", be a tensor and N',N" C N a
splitting of the modes with N' = (ng,, ..., nx, ) and N" = (ny,, ... ,ngf)T, e+f =d.
T s called orthonormal with respect to N if the matricization of T with respect to

the sets N' and N" (2.4.4) satisfies

’I’Lkl nll
T Nk, ni,
NH NH NH Nf N"' XN"' .
T (T, ] =T|, ,=I€R . : :
N N N N N, g,
. (a)
* QR decomposition
T ny ng ng
N S N/ 1 1 1 1
) T‘N’ :Q.R:QNI.RS ’ Mo N Ty S U,
N, ?’L,gf ng, nlf



Tensor Decomposition

* Rank-one tensor
Definition 3.1.1. A tensor T € RN, RN = R™ % X" of order d is called rank-one
tensor if it can be written as the tensor product of d vectors, i.e.

T=-QRT =TV ... T, (3.1.1)

where TW € R™ fori=1,...,d.
» Storage consumption of rank-one tensor O (nd)

* Canonical format

T d T
B S TR SR
k=1 =1 k=1

* Problems: best canonical format might not exist



Tensor Decomposition

* Tucker format

Definition 3.3.1. A tensor T € RY is said to be in the Tucker format if

 Graphical illustration of Tucker format
- Storage consumption O(rnd + r)

» Improved: Hierarchical Tucker format

ni no ns Ty ns

(b)




Tensor Decomposition—Tensor Train format

Tensor Train decomposition
Definition 3.4.1. A tensor T € RY is said to be in the TT format if

noooge 4o SR e (d
ST SR DY % UL I S U B L

ko=1  ky=1i=1 ko=1  ky=1

query element using tensor train format

0 rq
_ 2 : E : (1) (d) _ (1) (d)
Tml,...,xd - T Tkojml,kl Teees de_ljg;'djk;d - T:,acl,: Tt T:,xd,:'
ko=l  ky—1

TT format for tensor operator

Definition 3.4.2. A tensor operator G € RM*N s said to be in the TT format if

To rq d . ro rd
G = Z o Z ® G'S:i)—la::::ké - Z o Z Gg)),i,i,kl ®-Q G’g‘i)—lﬁ::akd’

ko=1 kg=1 i=1 ko=1 ka=1



Tensor Train decomposition

. : : — 7] ... (d)
» Graphical illustration of tensor train format T= {T }® “ [T }

mni no ns T4 s
re T2 T3 _ T4 %m%m%m%m%
ni n9 3 T4 ns mi msa msa ma

(a) (b)

ms N
2 ~

« Memory consumption of tensor train formate O (r?nd)
» Tensor train format as a special case of HT format




Addition/Multiplication for tensor train

RMXN

e Addition Theorem 3.4.4. For tensor operators Gi1, Gz € with T'T representations

G, = [Gﬂ R ® [Gﬁd)} . Go= [Ggl)] R ® [Géd)} ,

the sum G = G1 + Ga is given by

c?] o

SCTICTIE LR I
] o N flel) falalale]
e ® 0 [ngn] ® [ng)] T

« Multiplication

el = (&) (6D) , yiniginilini lind
ki—ltli—lt::::kiali kz 1):,:,]{:,& l'l‘*la:}:JlI. L 5 L ) e o ) L

my meo ms my ms

P1 P2 p3 P4 Ps

+m - 81 +T2 -89 +T3 - 83 +r4 - 54 +

mq ma ms my ms




Orthonormalization

« Leftunfolding T® ¢ Rri—1xnixr:
o Left orthonormal

« SVD of tensor train one by one

Initial tensor train

Apply SVD

Update next core

Apply SVD

Update next core

L
Ti—1,14
Ti—1,5T4 T(z) T
T Ti—1,14
1 o Td—1
ny n9 13 Nd—1 Ny
() Td—1
n N2 N3 Ng—1 Ngq
S1 ro Td-1
T \T/ T T T
n1 9 n3 Nng—1 ngqg
S1 Td—1
ny  m2 N3 Nd—1 7Nq



Other tensor decomposition formats

Quantized Tensor-Train Format

For tensor G < RMxN ,we could decompose its dimension  m; =m;1-...-mi., and n; =mn;; -
GI e R(ml’l an,l)x---x(ml,cl xm,cl)x---x(md’l Xnd,l)x"'x(md,cd an’cd)
Then apply TT format to this tensor
% 1 %
T
Figure 3.9: Conversion from TT into QTT format: Each core is divided into several cores
with smaller mode sizes. r d
b
J\ 1 o Td—1
block TT/cycle TT ?7 T T T Cf (‘) (‘)
ny Np+1 ng n9 ns Ng—1 nq



Applications of Tensor decomposition in machine learning

Tensor decomposition offers a approximation for high dimensional data.

Current applications of tensor decomposition

Neural radiance field

Solving high dimensional PDEs

Second order optimizer

Neural network/Data compression...



Neural Radiance Fields (x,3,2,6,0) —>|:||:||:|—>(RGBJ)

F

» Neural radiance field 0,
* Problem: given a set of images with camera parameters, output images at other camera parameters

» Network io: xyz->rgb

« Loss function of NERF L= _n U Co(r) = C@)|[; —[|C(r) - C(“-")Hz]

» Drawbacks of NerF: slow training

Q. L
e,
oS
2

N—. : 7
.//_—_—-» F@ Ray2 o yeﬂ’Ray i /_\ X ‘

9 Ray 2 /\ <

Ray Distance >




observed pixel photometric loss

rendered pixel (Eq. ()
! e
TensoRF (compressed voxel) scomuston 7 1 [y
(Eq. (2)) / | (Bensity) post-activation
| V R o (Sec. 4)
|
. . : 4'["_." j_J‘J 4 i )
 \Voxel based scene representation is much faster P
N s
. i - V(feat) ) MLP
» However, it requires 0(n?) to store the voxels %ﬁ e st
| - —
« Tensor decomposition provides a promising compression scheme (2) Volume rendering i (b) Our scene representation
(Sec. 3) (Sec:52)
« 1. TensorCP

2. TensorVM (vector-matrix)
——a v e o4 g vk My aMidy Y vy

7— - + ot - + ot + + et + T
2 2 2,3 2,3 9 2 1,2 1,2
Vi Ml Mih v Vi, Ml MR3

v

(post)



TensoRF

» visualization result

Steps: 7000
Time: 03:24
PSNR: 33.23




TensoRF

« Compression result for TensoRF
» Good trade-off performance between speed (~30min training time) and memory

Synthetic-NeRF
Method BatchSize Steps | Time | Size(MB)] | PSNRT SSIM1t
SRN [36] - - >10h - 22.26  0.846
NSVF [18] 8192 150k | >48"h - 31.75  0.953
NeRF [24] 4096 300k | ~35h 5.00 31.01  0.947
SNeRG [12] 8192 250k | ~15h 1771.5 30.38  0.950
PlenOctrees [47] 1024 200k | ~15h 1976.3 31.71  0.958
Plenoxels [46] 5000 128k | 11.4m 778.1 31.71  0.958
DVGO [37] 5000 30k | 15.0m 612.1 31.95  0.957
Ours-CP-384 4096 30k | 25.2m 3.9 31.56  0.949
Our-VM-192-SH 4096 30k 16.8m 71.9 32.00 0.955
Ours-VM-48 4096 30k | 13.8m 18.9 32.39  0.957
Ours-VM-192 4096 15k | 8.1m 71.8 32.52  0.959
Ours-VM-192 4096 30k 17.4m 71.8 33.14  0.963




Dynamic NERF

Four dimensional voxel (4d tensor) is unaffordable!

Use multi-resolution 3d voxel + MLP for compressing

w4y

Multi-Dist.
Interpolation

ti—1

. i === J_‘_I—”_T% @‘r(vs)v(‘vm)w(vz) : CT T T T :
: _ A i l |
1. query voxel features from multiple resolution , (e BTN 'ﬂw :

density |
:I (I)T =0 :
I <:| d |

ﬂ direction
|

color ¢

2. query time features using MLP with fourier ebd @/’/

| @@d

'y

3. concat features and use another MLP(deformnet)
ti

(xlu yl7 Z,) -

Radiance Network



Dynamic NERF

Table 1: Comparisons about training/memory cost and rendering quality on synthetic scenes.

Method | w/ Time Enc. w/Explicit Rep. | Time  Storage | PSNRT SSIMT LPIPS |
NeRF [Mildenhall et al. 2020] X X ~ hours 5 MB 19.00 0.87 0.18
DirectVoxGO [Sun et al. 2022] X v 5mins 205 MB 18.61 0.85 0.17
Plenoxels [Yu et al. 2022] X v 6 mins 717 MB 20.24 0.87 0.16
T-NeRF [Pumarola et al. 2021] v X ~ hours - 29.51 0.95 0.08
D-NeRF [Pumarola et al. 2021] v X 20 hours 4 MB 30.50 0.95 0.07
TiNeuVox-S (ours) v v 8 mins 8 MB 30.75 0.96 0.07
TiNeuVox-B (ours) Ve v 28 mins 48 MB 32.67 0.97 0.04
Hook Jumping Jacks Lego

[ Ef T}
AR A

TiNeuVox-S TiNeuVox-B

GT  D-NeRF TheuVox-STiNewloxB — Gr  pNerr TiNjeuyox-S TiNeuh

Figure 4: Qualitative comparisons between D-NeRF [Pumarola et al. 2021] and our TiNeuVox on synthetic scenes.

* Observations

TiNeuVox-S TiNeuVox-B

D-NeRF (ours) (ours)

« 1. voxel with tensor decomposition provides good explainability and speed-memory trade-off

2. combine neural methods with voxel methods are better (... need tune parameters)



Solving high dimensional PDEs

« High dimensional parabolic PDEs with the following terminal condition and vanishing boundary condition,

(O +L)V (x, ) +h(x, t,V(x,t), (0" VV)(z,t)) =0 (1)

d d
1 2{: T ZE:

i,j=1 i=1
V(z,T) = g(x),
» For such PDEs, the solution is associated with the following stochastic process
dX, = b(Xs,s)ds + o(X,,s)dW,, X = g,

Y, =V(X,,8), Zs=(0"VV)(X,,s)

dY, = —h(X,,s,Y,, Z,)ds + Z, - AW,
» We could simulate the stochastic process as

X1 = X 4 b( X, t2) AL+ 0( X, t0)Ens1 VAL

—~~

Yoi1 =Yy — hu At + Z,, - £ VAL,



Solving high dimensional PDEs

 In each time step, we solve the following least square problem

o~ —~ —~ 2
E [(Vn(Xn) — hn 1At — Vn+1(Xn+1)) ]

» Representing solution with tensor train format

V Ila-- md) Z Zczl ..... zdgbzl xl

11=1 tg=1

» We choose polynomial functions as basis functions for ¢ (x).

iy (),




Solving high dimensional PDEs

J
arg minz V(z;) — R(z;)|%,

 Solving the regression problem using SALSA (rank adaptive stable alternating least ¢

« Simple LS algorithm
« Simulate the PDE

Algorithm 1 simple ALS algorithm

Input: initial guess u; o ug o - - - 0 ug.
Output: result uq o ug 0 - - - 0 uy.
repeat

fori =1toddo

identify the local basis functions (19), parametrized

by uy, k # j

optimize u; using the local basis by solving the local

least squares problem
end for
until noChange is true

™ T () U3 T3 ™
m | m m m
¢(z1) | | o(x2) | | p(x3) || P(4)

Algorithm 2 PDE approximation

Input: initial parametric choice for the functions I,/\'n for
ne{0,...,N -1}
Output: approximation of V(-,t,,) ~ Vi along the tra-
jectories forn € {0,..., N — 1}
Simulate K samples of the discretized SDE (7).
Choose Vy = qg.
forn =N —-1to0do
approximate either (10) or (11) (both depending on
I7n+1) using Monte Carlo
minimize this quantity (explicitly or by iterative
schemes)
set V,, to be the minimizer
end for




Examples

» Hamilton-Jacobi-Bellman equation\
(0, + A)V(z,t) — |[VV(x,t)|* =0,

V(I,T) — g($)7 g(ac) = log (% + %|$‘2)

1
b=0, o=+V2Idgxa, h(x,s,y,z) = —§|2:|2

» Reference solution
V(Q;’]f) — —logE {8—9($+\/T—t05)} 7

« Comparision between TT approximation and NN approximation _ Evaluation along trejectores

2.75 — . 2.75 R

TTimpl TTexp] NNimpl NNexpl 2504 &:(fxf) ) ;"’lﬂ/ , 2.50 1 [‘f( "\w/“i"_:’_
Vo(zo) 4.5903  4.5909  4.5822  4.4961 2251 MMNWJ 225 __\\/'\ s ';»_,-,N:"J
relative error | 5.90e > 3.17e”* 1.7le™3 2.05e~? 200y N V“’}\ 00 W\wj\w :"\l
reference loss | 3.55e=% 5.74e % 4.23e=3 1.91e? 1751 ! L7 \
PDE loss 1.99¢ 3 3.6le 3 90.89 91.12 000 025 050 075 1.00 000 025 050 0.75 1.00
comp. time 41 25 44712 25178

) Figure 5. Reference solutions compared with implicit TT and NN
Table 1. Comparison of approximation results for the HIB equation approximations along two trajectories in d = 10.

in d = 100.



Examples

» HJB equation
« Performance with different degree for basis function

Polynom. degree
0 1 2 3
Vo(xo) 0.294 0.312 0.312 0.312
PDEloss | 9.04¢ 2 7.80e~% 1.05¢™% 5.06e %
comp. time 110 3609 4219 5281

» We find that low polynomial degree (linear) is more efficient and are easier to optimize.
» Observation (blessing of dimensionality):

» The required polynomial degree decreases with increasing dimension. (almost constant in high dimensional
space)



Second order optimizer— Low rank approximation of Hessian matrix

A

Shampoo optimizer is a preconditioned gradient descent

y=f(»

A general framework of quasi-newton method

Az = —B 'V f(x).

Zf X, + 1 Is a better approximation than x,, for the &
root x of the function f'(blue curve)
axl-axj

For accurate Newton’s method, B should be the Hessian matrix

For quasi- Newton’s method, B could be (low rank/block/...)approximation of Hessian matrix

For NN with parameters N, the size of Hessian matrix is N2, inversion of Hessian is intractable



Second order optimizer of NN

Use approximation of Hessian matrix rather than the direct inversion

Natural gradient descent

Fo =E(xy) [Viogp(y|x;0)Vlogp(y|x;6)"]
Update of NGD

gl — g(t) _ e[F;é)‘VE(B(t))]

Under layer independence simplication, we have
oo cu

—1 -1 -1
~ [ @

Kronecker product

2
N
Q

FIM Block-diagonal Kronecker factorization of diagonal block

Approximation of (inverse of) FIM by K-FAC



Second order optimizer of DNN

« Every submatrix is a Kronecker product (tensor product) AL, B -+ [A],B
] ] ) A®B:= ERmaan
e Its Inversion Is Al ,B - [A], B
(A @ B)_l _AlgB! A € R™*" B € R**?: Kronecker factors
» Specifically, each block is calculated by
F,=E [V,,; log p(y|x; 0)V; log p(y|x; O)T]
d;—1-d;
Vilogp(ylx;0) = gi ®a;—1 € R%
a;,_1 € R%i—1 : the input to i-th layer (activation of (i-1)-th layer)

_ Ologp(y|x;0) _ pa, | |
T 5s. S : the gradient for the output of i-th layer
1

F, ~E|gg/|®E][a;_1a] ]
= G;Q0A,_;

Finally,



Second order optimizer

 k-FAC:

Fisher information matrix —1
Fg = RGO,OOO,OOOXGO,OOO,OOO

Fisher block

F. ¢ R%096,000x4,096,000 ]
1

Kronecker factors @

A, | € R4096x4,096 Sl

G € RI,OOOX 1,000
i

* Performance

= —— SGD —— SGD

— b r —_—
S 0.6 NGD W 0.61 NGD
Ched B = SGD val s THYY | | SGD val
g, ----- K-FAC val § o4f $o 11— [ - K-FAC val
% ______ % o 2 1 " P :—A_—_’:_ _r_\l..c_;_D.Av_a_l_,
6 (_% . W M A

= 0.0

oC
o

4 6 8 10 0.5 1.0 15 2.0
Iteration (1e+04) Elapsed time (h)



Second order optimizer ”

G
« Shampoo: quasi-newton optimizer for matrix (left) and tensor (right)
Initialize W1 = Opyxn ; Lo = €l 5 Ro = €l Initialize: W1 = 0y, x...xn, ; Vi€ [k]: H} = €l
fort=1,...,T7 do fort=1,...,7 do
Receive loss function f; : R”™*" — R Receive loss function f; : R™>* %" — R
Compute gradient G; = Vf (W) {Gy € R™*"} Compute gradient Gy = Vfi(Wy) {G; € R™M>x7%k
Update preconditioners: Gy — Gy {ét is preconditioned gradient}
Li = Li_1 + G:G] fori=1,...,k do
Ri= Rt +GIG Hj = Hiy + G
Gy «— Gy x; (H})~/*
Update parameters: Update: Wy, = W, — Wét

Wii1 = Wy —nL; *G.R; "

* The inversion of Lt using Schur-Newton method with cache



Data compression with tensor train format

« A multi-level tree like tensor train decomposition

Frame 1 Frame2 Frame 3 Frame4 Frame |4 3 Frame I4 2 Frame I4 Frame I4

# h I | - | I If{ h L | = F Il_&v = | Iy Iﬁ h I | - | Iy H h

\f \/ \/ \/
[ J‘h #

Level 1 merge: L | %fs Iy |

4 4
| 7
= = i B
Level 2 merge L | ) Is I | ) I
K \ 12|
: /
|
Level logs(l4) merge Il_ ‘_I;;
The resulting tensor has time i3

dimension of size I4

11 19
.
T ip ill %lz

(b) TT

iD



Data compression with tensor train

* Performance

212 12.46 15.68

[)U()8 w\.’sﬁ/—/—O T'spatial = 8

80.006- _ s88

5

® 64.85 e

o X

50004 2589 %212 =16

=

g

(a) Original, 284 GB (b) 1:12345, 24 MB (c) 1:793, 368 MB (d) 1:227,1.24 GB  0.002-
Figure 1: T4DT with different compression levels in OQTT format for a longshort-flying-eagle scene of resolution BB ST | 1018, =2
5123 with 284 time frames. Only frames 1, 142, and 284 are depicted. The compression ratio is different from the Fspatial = 64
. : . . . . S . . 0.000: ‘ = ;

actual memory consumption due to the padding of the time dimension to 512. High compression is achieved with 0 50 100 150
max = 400, MSDM2 = (.45 in Fig. 1b, medium compression with r,,x = 1800, MSDM?2 = 0.32 in Fig. lc, and Ftime

low compression / high quality with 7, = 4000, MSDM2 = 0.29 in Fig. 1d.

» Metric: Chamfer distance dep(A,B) =) min ||z —y|* + Y min|lz —y|]*

achA beB



Summary

» Tensor decomposition is a basic data compression technigue and function representer
* Pros

« Mature algorithms and strong interpretability

» Promising (time/memory) efficiency for high dimensional problems

« Cons

 Linear decomposition without prior

* Future works
 Better utilize tensor decomposition as tools in machine learning
« Combination of neural based methods and tensor based methods



